
SOLUTION OF CERTAIN VARIATIONAL PROBLEMS OF THERMAL 

RESILIENCE FOR THIN SHELLS CONSIDERING THE SELECTION 

OF OPTIMUM CONDITIONS FOR LOCALIZED HEAT TREATMENT 

E. I. Grigolyuk, Ya. I. Burak, and Ya. S. Podstrigach 

One of the poss ib le  ways of s ta t ing and solving the se lec t ion  p rob lem for  opt imum 
t e m p e r a t u r e  f ields for loca l ized  a •  heat ing of she l l s  is invest igated.  
The m i n i m u m  of shell  e las t ic  energy  is  taken as the opt imizat ion  c r i t e r i on .  An 
inf ini te  cy l indr ica l  shell  was cons ide red  in a s i m i l a r  fo rmula t ion  in [1]o The 
co r re spond ing  va r ia t iona l  p rob l em is  formula ted  for  the functional  of e las t ic  
energy  with addit ional l imi t a t ions  imposed on the function of twist  angle at 
specif ied shell  sec t ions .  The va r ia t iona l  p rob lem is reduced to an i s o p e r i m e t r i c  
by the use  of s i ngu l a r  funct ionals  of the 6-funct ion kind. The re la ted  Eu le r  equa-  
t ion is obtained,  and this  together  with the p rob lem reso lven t  equation const i tute  
a complete  set  of equat ions for de t e rmin ing  the e x t r e m u m  t e m p e r a t u r e  field with 
re la ted  s t r e s s - s t r a i n  s tate  of the shel l .  Cyl indr ica l ,  conical ,  and spher ica l  shel ls  
are  cons ide red  separa te ly .  A n u m e r i c a l  ana lys i s  is made for the s imples t  condi -  
t ions  of local ized heat ing of cy l indr ica l  and conical  she l l s .  

1. Let a shel l  of revolut ion,  r e p r e s e n t e d  in canonical  coordina tes  of i ts  p r i m a r y  cu rva tu re s ,  be 
under  the inf luence of an a x i s y m m e t r i c  t e m p e r a t u r e  field. In the absence  of externa l  forces ,  the p rob lem 
of defining the s t r e s s - s t r a i n  s tate  of the shell  for  a given t e m p e r a t u r e  field can then be reduced to finding 
the funct ion of twis t  angles  which would sa t is fy  the r e so lven t  equation 

d r" l d d r" klk~ ] 

dT 

m ~ D  o l D 1 ,  D o = 2Eh, D ,  =- 2/3Eh 3 / ( l - v ~ ) .  (1.1) 

Here 0 (s) is a function of twist  angle of the shell  median  sur face  ; T(s) is the t e m p e r a t u r e  ; s is the 
length of the m e r i d i a n  arc  m e a s u r e d  f rom a given sec t ion;  r=r ( s )  is a c r o s s - s e c t i o n  r ad ius ;  k 1 and k z are  
the c u r v a t u r e s  of m e r i d i a n s  and pa ra l l e l s ,  r e spec t ive ly ;  D o is  the r ig id i ty  in t ens ion ;  D 1 the to r s iona l  r i g id -  
i ty;  E is  the modulus  of e l a s t i c i ty ;  ~ is the Po isson  coeff ic ient ;  2h is  the shell  t h i ckness ;  c~ is the coefficient 
of t he rma l  expansion.  The dot over  a magni tude denotes a der iva t ive  with r e spec t  to a re  s.  For  the de -  
t e r m i n a t i o n  of 0 Eq. (1o 1) mus t  be supplemented  by sui table  condit ions at the ends of the shel l .  When 
funct ion 0(s) has beenfound,  nonzero  s t r e s s e s  N 1 and N z, moments  M i and M 2, and the s t r a in  components  
el, E2, %1, and ~<2 of the median  sur face  of the shell  a re  defined by 
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r" V d [ d " k~k2] O, 

r' t d " - - v )  k l ] 0 - ?  

• = - - 0 " ,  x~ = - -  r "  0. (1.2) 
r 

Here  s u b s c r i p t s  1 and 2 denote magni tudes  in the me r id iona l  and the p a r a l l e l  d i r e c t i o n s ,  r e s p e c t i v e l y .  

We in t roduce  into our  c o n s i d e r a t i o n s  the e l a s t i c  ene rgy  of the she l l  [1] 

K = l l (Nlst~ 4- No.e2~ ~- M l z l  ~ -{- M~u2 ~ dS, (1.3) 
(s) 

el ~  ez ~  n~ ~  • ~ 2 1 5  (1.4) 

Here  S is  the  med ian  su r f ace  of the she l l ,  and e~, 6z~ ~ and ~2 ~ a r e  e l a s t i c  s t a in  componen t s .  

The in tegrand  in (1.3) is  a pos i t i ve ly  def ined quad ra t i c  f o rm  with r e s p e c t  to s t r e s s e s  and momen t s ,  
if and only if  the t e m p e r a t u r e - i n d u c e d  s t r e s s e s  a r e  ze ro .  It i s  t h e r e f o r e  na tu ra l ,  when so lv ing  a p r o b l e m  
of l o c a l i z e d  hea t ing  which r e s u l t s  in a c o m p a r a t i v e l y  low level  of t e m p e r a t u r e - i n d u c e d  s t r e s s e s ,  to take  
the  m i n i m u m  of funct ional  (1.3) of the shel l  e l a s t i c  ene rgy  as  the i n t eg ra l  condi t ion of op t imiza t ion .  

Subst i tut ing (1.2) and (1.4) into "(1.3), we obta in  

K (O) = 4.~Dl.m f F (s, e, O', 0", 0"")ds. (1.5) 
(C) 

Here  (L) i s  the me r id iona l  l ine,  and the fol lowing notat ion has  been  used  

, [ - d { a  , ~"~ ] (1.6) 

The v a r i a t i o n a l  p r o b l e m  is  f o rmu la t ed  as  fo l lows.  
K[O] fo r  the se t  of funct ions O;O(s) s a t i s fy ing  the fol lowing condi t ions :  

1) at  spec i f i ed  sec t ions  s=s j  ( j= l ,  2 . . . . .  n) 

s .  

d(% -:('~J) = .0~ I 0 (s) ds = 0~ (i = 0, ~, 2) ; 
d s Z  

s .  

F i r s t ,  we have to f ind the e x t r e m u m  of funct ional  

(1.7) 

2) at end sec t ions  s = s  0 and s = s .  

d (i) 0 (so) = 0io, d(1)0 (s.) _ 0i. (i = 0, i, 2), 
ds i ds i . 

(1.8) 

Here  0ij and 0j a r e  a r b i t r a r y  n u m b e r s  which can be fu r the r  def ined by spec i fy ing  at s ec t i ons  s=s j  
n u m e r i c a l  va lues  for  the p r o b l e m  p a r a m e t e r s  ( t e m p e r a t u r e ,  s t r e s s e s ,  m o m e n t s ,  e t c . ) .  It should be 
noted that  0i 0 and 0 i .  mus t  be bound by  addi t ional  r e l a t i o n s h i p s  owing to condi t ions  at the f r ee  ends .  The 
s t a t ed  p r o b l e m  i s  equiva len t  to th is  i s o p e r i m e t r i c  p r o b l e m .  
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Second, we have to find the e x t r e m u m  of funct ional  K[0] for  the se t  of funct ions 0=0(s) whose func-  

t iona l s  

s . .  ~,  

K~j[O] = ( - -  i l i~  b ( i ) ( s - - s j ) O ( s ) d s ,  Kj[Ol = f S + ( s j - - s ) O ( s ) d s ,  
So s~ 

(1.9) 

in which 6 (i) (s) i s  the i - th  d e r i v a t i v e  of the de l t a  function and S+ (s) is  the  jump function,  a s s u m i n g  the 
spec i f i ed  va lue s  

K~j [O] : O~j, Kj [01 = Oj. 

It is  a s s u m e d  h e r e  that  each  function of the c o n s i d e r e d  set  s a t i s f i e s  (1.8) 

Such a p r o b l e m  r e d u c e s  to f inding the e x t r e m u m  of funct ional  [3] 

(1. lO) 

S, n 2 

K* [01 = 

(1.11) 

Here  Xij and ~j a r e  a r b i t r a r y  cons tan t s  which e n s u r e  the fu l f i l lment  of (1.7) .  
the funct ional  K*(0) y i e ld s  

o0 d~ ~ -  + ~ l o - - ~ ) - 9  ~ = 
n 2 

j = l  Li=O .i 

where 

r ~ - s - - r ' } ] ( ~ - } - v k l ) ) + - 7 - - ( r O ~ - v r O )  
oO 

__ r" k'2 r "~ �9 / 

-~ m (rO" + vr'O), 

[Q ' g l ~ / ' * - - 4 (  ]s 1 OF ~" 2--- v -- 2v -- i -- v T.2) 
a o  k~ k2 j 

o f f  #,, V ' - -  , 

{o- o -  V ' =  ~ =  ~ k2j r [(i-~v) ktk2-~- 

+ r \ ~ . [  T "5:)] 0"--k.~O d,~ \ k.~r~ + 

The E u l e r  equat ion for  

(1.12) 

(1.13) 

Equation (I. 12) together with the resolvent equation (I. I) and (I. 7) and (I. 8) constitute the complete 
system of relationships defining the temperature field and the related stress-strain state of the shell. 

2. Let us write the fundamental equations for cylindrical, conical, and spherical shells. 

a) Cylindrical Shell. (kl=0, k2--I/R, r=R, and ~=0). Equations (I~ and (1.12) with (Io2) written 
in terms of the axial x-coordinate are of the form 

daO m am dT 
dz--T + - ~ O  -----'-R dx ' 

j d~O ,~ a~o I I ;~j6 (~) ( x - -  x~) + ~jS+ (x j - -  x) , 
dx6 + ~ dx~ R3 (2.2) 

~ = t  i = o  

(2.1) 
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r )  ~o d~0 D dO dO 
N~ =O,  N ~ = - - ~ q . ~ - d - ~  , M r = - -  ~-dT' M ~ = - - v D ~ - d 7  x .  (2.3) 

By v i r t u e  of (2.1) we ob ta in  f r o m  (2.2) the  fo l l owing  equa t ion  

n 2 

~z~ = - ~ ~ X~5 (~ (x - -  x3  + X~S+ ( x ~ -  x) , 
j = l  ~ i = 0  (2.4) 

by which  it  i s  p o s s i b l e  to d e t e r m i n e  d i r e c t l y  e x t r e m u m  t e m p e r a t u r e  f i e l d s .  

b) Con i ca l  Shel l .  We deno te  by  fi the  ang le  b e t w e e n  the she l l  ax i s  and the  g e n e r a t r i x  of i t s  m e d i a n  

s u r f a c e .  The  s - c o o r d i n a t e  wi l l  be  m e a s u r e d  f r o m  the  cone  v e r t e x .  T h e n  

_ _ - -  r" 
kt = O, k~ --  ctg ~ r = s sin ~, - r -  ---- T "  (2.5) 

g 

Subs t i tu t ing  t h e s e  v a l u e s  in to  E q s .  (1 .1) ,  (1 .11) ,  and (1.2) ,  we ob ta in  

daO , . dSO _~_ mctg~ dT 
s-~-,~ ~- ~ d--~'~ s 0 = a m c t g ~  ds '  

~-.~ [T-~-s  s~ s d--~ -37~ + s 0 } =  

ctg2~ Xii6 (1) (s - -  si) -}- ~,iS+ (s i - -  s) - -  ~ 

j=1 "=0 

N ~ = - - D ~ t g [ ~  ~ +  , as .~= ' 

( d~ d~O ~ dO ~ ) 
N~ ~ D, tg ~ s ~ + 2 d.~ ~- ~d,~ + , 7  0 . 

(2.6) 

(2.7) 

(2.8) 

C o m p a r i s o n  of the  l e f t - h a n d  s i d e s  of E q s .  (2 .6)  and (2~ 7) shows  tha t  e x t r e m u m  t e m p e r a t u r e  f i e l d s  of 

a con i ca l  she l l  a r e  de f ined  by an e q u a t i o n  s i m i l a r  to (2.4) 

n 2 

-~- [,'-7- ctg ~ 1 - = - -  "amsin~ s E Xij6 (*)(s--L' Sj)-]- ~jS+(Si--S) . 
i=1 (2~ 9) 

e) S p h e r i c a l  Shel l .  In t h i s  c a s e  

t r" t c t g %  (2.10) k l = k ~ = - ~ ' ,  s = R %  r = B s i n %  r /r 

H e r e  1R is  the  r a d i u s  of the  she l l  c u r v a t u r e  and (p i s  the  m e r i d i a n  a r c  m e a s u r e d  f r o m  the  ax i s  of 
r e v o l u t i o n .  The  r e s o l v e n t  e q u a t i o n  (1.1) and the  E u l e r  equa t i on  (1.12) can  now be  r e d u c e d  to t he  f o r m  

/'a-V ctg  ( p - ~  - (P 7 q  - - 
. ~  d T  (2.11) 

~,)+ m , q o  = + ctg cp 7~ - -  ctg~ r - -  

2 

- -  s i n  (p 3=Z i=O (2~ 12) 
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The e x p r e s s i o n s  de f in ing  s t r e s s e s  N t and N 2 and m o m e n t s  M 1 and M 2 a r e  

Dt ctg q) U d~0 l_ ctg dO (v -[- ctg z (p) 0] 

dO , 2ctgq)0] ' 
N~ = - -  ~-D~ L [- d~d~0 _u, ctg T -~fd:0 __ (1 + v + 2 ctg ~ rf) ~ -  - -  sin~ ~ J 

D~ D~ (2.13) 

To d e t e r m i n e  coe f f i c i en t s  Xij and Xj, and the  c o n s t a n t s  of i n t e g r a t i o n  i t  i s  n e c e s s a r y  in each  of t h e s e  
c a s e s  to s u p p l e m e n t  the  d e r i v e d  r e l a t i o n s h i p s  by  (1.7) and (1o 8) o r  cond i t i ons  c o r r e s p o n d i n g  to o t h e r  p a r a m -  
e t e r s  of the  p r o b l e m .  

Solu t ions  of th i s  p r o b l e m  f o r  an  i n f i n i t e  c y l i n d r i c a l  she l l  and fo r  a con ica l  she l l  c l o s e d  at the  v e r t e x  
a r e  g iven  be low.  

3. To d e t e r m i n e  the  e x t r e m u m  so lu t i on  in an  i n f i n i t e  c y l i n d r i c a l  she l l  we u se  (2.1) and (2.4) as  the  
input  equa t i ons ,  and w r i t e  t h e s e  in  the  f o r m  

2 

= -..6(o ,g _ ~)]. 

(3. ~) 

(3 .2)  

H e r e  Yij and 7j a r e  a r b i t r a r y  c o n s t a n t s .  

Le t  us  f ind the  s o l u t i o n  of Eqs .  (3.1) and (3.2) tha t  v a n i s h e s  at i n f in i t y .  With the u s e  of the F o u r i e r  
t r a n s f o r m a t i o n  we ob t a in  [4] 

n 

- r l j  s g ,  ( g -  ~j)co~ ( g -  gj) + r , j  (cos ( g -  g~) + sin l g -  gJ I)] }-  

(3 .3)  

(3.4) 

The c o e f f i c i e n t s  ~/ij and yj  m u s t  now s a t i s f y  the r e l a t i o n s h i p s  

~ Y j  = O, 
5 ~ t  �9 

77 n 

(yj~j--  %;) = 0, ~, (yj~j2 __ 2]'oj~j § rt~) = 0, 
j=l j=t 
n 

V o ,~ (~'J~9 - -  3i'oj~j- + 6ytj~j - -  6%~) = 0. 
j = l .  

(3.5) 

The hoop s t r e s s  N2 and  the ax ia l  m o m e n t  M 1 c a l c u l a t e d  by (2.3) with (3.4) t aken  into a c c o u n t  a r e  

n 

Eh~ N2 = - -U-  ~] r__ Tj (cos (~ - -  ~j) + sin I ~ - -  ~j l) + 2Toj sin (~ - -  ~j) <-[- 
) = 1  

+ 21/1 j (COS (~ - -  ~j) - -  ~'~iJ ~, I ~ - -  ~J ]) - -  4:e~j sgn  (~ - -  ~j) C0S (~ - -  ~j)] e-J:~-':?, (3.6) 
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EhaR 

+ 2q'o~ (I - -  e-[~-~ 1 cos (~ - -  ~)) sgn (~ - -  ~) + [27~ (cos (~ - -  ~) + 

+ s in  1 ~ - -  ~ l) - -  4"(~ s in  (~ - -  ~i)] e-I~-~ I }. (3.7)  

It w i l l  b e  s e e n  f r o m  ( 3 . 3 )  a n d  ( 3 . 6 )  t h a t  t h e  o b t a i n e d  e x t r e m u m  d i s t r i b u t i o n  of  t e m p e r a t u r e  T a n d  

s t r e s s e s  N 2 i s  d e f i n e d  b y  p i e c e w i s e - c o n t i n u o u s  f u n c t i o n s .  A d i s t r i b u t i o n  of  T a n d  N~ i s  c o n t i n u o u s  w i t h  

r e s p e c t  t o  4, w h e n  ~2j =0 i s  a s s u m e d .  

L e t  u s  c o n s i d e r  t h e  p a r t i c u l a r  c a s e  of  t h e  s o l u t i o n  a p p l i c a b l e  t o  t h e  s i m p l e s t  c o n d i t i o n s  of  l o c a l i z e d  

h e a t i n g ~  L e t  t h e  l o c a l l y  h e a t e d  z o n e  b e  b o u n d e d  b y  s e c t i o n s  ~ = + ~ ,  a t  w h i c h  t h e  t e m p e r a t u r e  i s  z e r o ~  T e m -  

p e r a t u r e  T a t t a i n s  i t s  m a x i m u m  e q u a l  T o a t  s e c t i o n  ~ = 0 .  

In t h i s  p r o b l e m  t h e  e x t r e m u m  t e m p e r a t u r e  f i e l d  ( 3 . 3 ) ,  W h i c h  s a t i s f i e s  t h e  c o n d i t i o n  of  s y m m e t r y  w i t h  

r e s p e c t  to  s e c t i o n  ~ = 0 a n d  i s  c o n t i n u o u s  a s  w e l l  a s  i t s  f i r s t  d e r i v a t i v e ,  i s  d e f i n e d  b y  

T = T o [ 2 [ ~ . / q [ a - - 3 ( ~ # l ) e + i ]  ( j ~ j ~ l ) ,  T = O  ( l ~ l > ~ ) .  (3.8)  

T h e  r i n g  s t r e s s  a n d  t h e  a x i a l  m o m e n t  c o r r e s p o n d i n g  t o  ( 3 . 8 )  a r e  d e f i n e d  b y  

N2 = 3Ehc*To [(cos (~ + ~l) + Sill I ~ 2[- rl ]) e-15+~1 + (cos (~ - -  ~1) + sin J ~--rll) e-I~-~ I _ 

- -  2 (cos ~ + sin ] ~ ])-[ ~l + r I (e-1"2+ ~l sin (~ + *1) - -  e-I 5-~1 sin (~ - -  ~1))], 

M 3Eh~To ~2 z = ~ t  [ ~ +  ~ll + 2 I ~ - -  r l [ - -41  ~[ + (c~ ~" + rl) - sin j ~ + rl l) e-I~+~l + 

+ (cos (~ - -  rl) - -  sin j ~ - -  rl [) e - 15-*'1 - -  2 (cos ~ - -  sin I ~ [) e-t~l - -  

- -  r I (1 - -  cos (~ + ~1) e-I~+~ I) sgn (~ + rl) + rl 0 - -  Cos (~ - -  ~1) e-I~-~)1) sgn (~ - -  ~1)]. 

(3.9) 

(3.1 0) 

Curves 

N *  - -  N~ M *  ~ a2Mz 
Eh(~To ' Eho~BTo 

a r e  s h o w n  i n  F i g .  1 f o r  v - - 0 . 3  a n d  R / h = 2 0  a n d  40 w i t h  t h e  w i d t h  o f  t h e  h e a t e d  z o n e  e q u a l  t o  t h e  c y l i n d e r  

r a d i u s  07 = a / 2 ) .  C u r v e s  of  t h e s e  m a g n i t u d e s  f o r  a h e a t e d - z o n e  w i d t h  e q u a l  t o  t h e  c y l i n d e r  d i a m e t e r  (77=~) 
a r e  g i v e n  i n  F i g ~  2. T h e  p r o f i l e s  of  t h e  t e m p e r a t u r e  f i e l d s  T * = T / T  0 a r e  s h o w n  i n  t h e s e  b y  d a s h e d  l i n e s ,  

G 

N*,M*-~'., T ~" r 
N" M* T* - .,,T'~ q=ZZ 

5X \ , \ ,, _ §  Me, o, 

Fig. 1 Fig. 2 
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0 S-$ 1 

Fig.  3 

4~ In a conical shell  the e x t r e m u m  t e m p e r a t u r e  f ields 
sa t i s fy  Eq. (2.9), whose genera l  solut ion is of the form 

ctg[3 ~ [)~(sln 8j 3 s'~ ) ( s + s~ ) �9 ~ --28~ +~o~  - - 2  + 
T - -  2am s in  ~ ~ -~-'=j-2 s Q- ,'~-s ~ 

s , (4.1) 

where C 0, C 1, and C 2 a re  a r b i t r a r y  cons tan ts .  The ex t r emum 
solut ion obtained is a p iecewise -eon t inuous  function.  A con-  
t inuous t e m p e r a t u r e  d i s t r ibu t ion  obtains for ~2j =0~ Should the 
cont inui ty of the f i r s t  der iva t ive  also be requi red ,  ~ij =0 mus t  
be s t ipulated.  

Let us cons ide r  an inf ini te  conical  shell  c losed at its ve r tex  (s0=0, s ,=~) .  We a s s u m e  the t e m p e r a -  
tu re  at the ve r t ex  and at inf in i ty  to be zero .  It is  then n e c e s s a r y  to use  solut ion (4.1), C0=0, C1=0, and 
Cz=0, and impose  on coeff ic ients  ~ij and ~j the following condit ions 

n 
~z~s = 0, 
J=l 

~ (Z,?~ § ~oj) = O, 
j = l  

n 

.i= sk " " s J2 

n ~.. 

j~l(~Sj2-~-~ojSi--~,l~) =0 (O<8k~~ 
(4.2) 

We separa te  f rom (4.1) the twice d i f fe rent iab le  e x t r e m u m  t e m p e r a t u r e  f ield which local ly  heats zone 
8 1 -  < s - s ~  with the following condi t ions:  

T (s~) = 0, T (82) = To, T iss) = 0, T (s~) --  0, 

where 0 < s 2-< s 3. This solut ion is  of the fo rm 

(4~ 3) 

-~- as ~ l n  - / - +  2 ss ~- -{-ao2 - -  .~88 j s ~ ( ~ 2 - - 8 )  
(4.4) 

Here 

81 ~ - -  82 ~ q- 2818~ iv- (s~ / 81) 82 ~ - -  s3 ~ + 2888~ In (83/82) j '  

1( 81 82 8o2- ~oln (,?~/~ + 8,~-,72~ 
sa - -  8~ sl 2 - -  8p7~ 28182 82 ~ - -  s ~  "4- 28~8a In (83/82) ' 

(4 5) 
83 : (82 + X3) X3 S3 282" ]D. 83 / ,9 2 -- 832 ~ ,?22 

a03 82 s - -  832 -~ 2,,'283 In (83 / 82) ' 2 :Ss -- 82) 822 -- Sa ~ -}- 2~83 In (88 / 82) (4~ 5) 

The n u m e r i c a l  inves t iga t ion  of (4.4) was c a r r i e d  out for a hea ted-zone  width equal to the d i a m e t e r  
of c ro s s  sect ion s = s  2 (s3-sl---2R, where R is the c r o s s - s e c t i o n  radius)  and s 3 -82=s  2-81~ Curves  of t e m -  
p e r a t u r e  T*=T/T  0 a re  shown in Fig.  3 in t e r m s  of coordinate  s*=(s -sz) / s  2 for  severa l  values  of/3. The 
case of f l = O  co r r e sponds  to a cy l indr i ca l  shell  of radius  R heated by the t e m p e r a t u r e  field (3.8). The other  
l imi t  case (fi=l/2~) co r responds  to that of the plane development  of a conical  shell .  

The ana lys i s  c a r r i e d  out above of e x t r e m u m  t e m p e r a t u r e  f ields in the examples  of cy l indr ica l  and 
conical  she l l s  was confined to the s imp!es t  condi t ions  for the local ized heating, under  which l imi t s  are  
imposed on the va r i a t ion  of temperatur ,~ at specif ied sec t ions  of the shel l .  E x t r e m u m  solut ions for more  
genera l  condi t ions,  which include supp lemen ta ry  condi t ions  imposed on the level of t e m p e r a t u r e - i n d u c e d  
s t r e s s e s ,  can be s i m i l a r l y  der ived .  Such condit ions can be sa t i s f ied  by a sui table  choice of p a r a m e t e r s  
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kij, )~j, and sj appearing in the Euler  equation (1o 12). We point out that the tempera ture - f ie ld  de te rmina-  
tion would, in that case,  necessi ta te  taking into consideration the complete set of equations of the problem. 
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